We find the Hamiltonian expression in the York basis of canonical ADM tetrad gravity of the 4-Weyl tensor of the asymptotically Minkowskian space-time. Like for the 4-Riemann tensor we find a radar tensor (whose components are 4-scalars due to the use of radar 4-coordinates), which coincides with the 4-Weyl tensor on-shell on the solutions of Einstein's equations. Then, by using the Hamiltonian null tetrads, we find the Hamiltonian expression of the Weyl scalars of the NewmanPerose approach and of the four eigenvalues of the 4-Weyl tensor.
I. INTRODUCTION.
The results of the first paper [1] , which will be denoted as I in what follows with its equations denoted as I-(..), will be used in this second paper to get the Hamiltonian 4-Weyl radar tensor (equal to the 4-Weyl tensor on-shell) and the Hamiltonian expression of the Weyl scalars of the Newman-Penrose formalism [2, 3] in the York basis of the formulation of canonical ADM tetrad gravity developed in Refs. [4] [5] [6] [7] . This will allow us to get the Hamiltonian expression of the four Weyl eigenvalues (4-scalars independent from the choice of the null tetrads).
Then we will show that if one would be able to solve the super-Hamiltonian and supermomentum constraints then it would be possible to find a Shanmugadashan canonical transformation from the York basis to a final canonical basis adapted to all the 14 first-class constraints of canonical ADM tetrad gravity. This would allow to find the final Dirac observables (DO) of the gravitational field as two conjugate pairs of canonical variables invariant under all the Hamiltonian gauge transformations. Like the tidal variables of the York basis, these DO's would be 3-scalars of the instantaneous 3-spaces of the 3+1 splitting of the space-time and 4-scalars of the space-time due to our use of radar 4-coordinates. Therefore these DO's would be invariant under the group of passive 4-diffeomorphisms of the space-time, which is the gauge group of the generally covariant Lagrangian description of the gravitational field. Moreover, in this final canonical basis the 4-scalar primary and secondary gauge variables would be completely separated from the DO's and the fixation of a gauge (at least the primary gauge fixings) could be made independently from them.
In Refs. [8] Bergmann proposed the notion of the so-called Bergmann observables (BO) as 4-scalar quantities of the space-time uniquely predictable from a given set of initial data for Einstein's equations. In Ref. [9] there is a full discussion on the self-consistency of this notion of BO ending with the enunciation of the conjecture that there should exist some canonical basis adapted to all the first class constraints whose DO's are also BO's. The finding of final Shanmugadhasan canonical transformation adapted to all the first class constraints in our framework using radar 4-coordinates would be the confirmation of the validity of the conjecture.
Instead the Bergmann-Komar proposal [8] that a possible set of BO's for the gravitational field could be given by the four eigenvalues of the 4-Weyl tensor does not seem to be correct: in the York canonical basis these eigenvalues are complicated 4-scalar functions of both the tidal variables and the inertial gauge variables.Therefore they are determined not only by the initial conditions for the tidal variables but also on the choice of the gauge. To arrive at a final conclusion one would need the expression of the Weyl eigenvalues in the final Shanmugadhasan canonical basis adapted to all the first class constraints.
We will show that, as proposed in Refs. [10] following suggestions of Bergmann and Komar in Refs. [8] , the real utility of the Weyl eigenvalues is the definition of a special set of intrinsic radar 4-coordinates allowing to give a physical (i.e. in terms of the gravitational field) individuation as point-events of the mathematical points of the space-time.
Finally we will give the Hamiltonian Post-Minkowskian (HPM) linearization (see Ref. [6] ) of the Weyl eigenvalues in the family of (non-harmonic) 3-orthogonal Schwinger time gauges used in Refs. [5] [6] [7] . In these gauges only the Hamilton equations for the tidal variables are hyperbolic partial differential equations (PDE); all the constraints and the equations determining the lapse and shift functions are elliptic equations inside the 3-spaces of the 3+1 splitting of the asymptotically Minkowskian space-time.
In Section II we evaluate the Hamiltonian expression of the 4-Weyl tensor, of the Weyl scalars and of the Weyl eigenvalues. Then in Section III we give the Hamiltonian expression of the electric and magnetic components of the 4-Weyl tensor with respect to the congruence of Eulerian observers associated with the 3+1 splitting of the space-time. In Appendix A there is the Hamiltonian expression of the Bel-Robinson tensor and of the second order invariants of the 4-Riemann and 4-Weyl tensors.
In Section IV we discuss the strategy to find the DO's of the gravitational field in arbitrary gauges by means of Shanmugadhasan canonical transformations and what can be said about the BO's.
In Section V we give the Hamiltonian expression of the Weyl scalars and of the Weyl eigenvalues in the HPM linearization of canonical ADM tetrad gravity in the family of 3-orthogonal Schwinger time gauges, whose theory is reviewed in Appendix B.
In the Conclusions there are some comments on the open problems to arrive at canonical quantization of gravity in the framework presented in these two papers.
II. THE WEYL TENSOR, THE WEYL SCALARS AND THE WEYL EIGENVAL-UES.
By using the Hamiltonian expression of the 4-Riemann and 4-Ricci tensors found in paper I and the Hamiltonian null tetrads there defined, we will find the Hamiltonian expression of the 4-Weyl tensor, of the Weyl scalars and of the Weyl eigenvalues in this Section.
A. The 4-Weyl Tensor
The traceless 4-Weyl tensor, with with only 10 independent components (and not 20 like the 4-Riemann tensor) due to its symmetries, is
Eqs. I-(3.5) and I-(3.6) imply the following Hamiltonian expression for the components of the 4-Weyl radar tensor (E AB
Then Eqs. I-(4.7) and I-(4.8) allow us to rewrite the 4-Weyl tensor in terms of the components of the energy-momentum tensor of matter and of Einstein's equations in the null tetrad basis I-(4.5). The properties of the Hamiltonian functionsW .... given in Eq. I-(3.6) imply 4 g AC 4 C ABCD = 0. Eqs.I-(4.9) and I-(4.4) have been used for the expression in the basis of null tetrads.
The previous equations define the following Hamiltonian radar tensor which coincides with the 4-Weyl tensor on-shell on the solutions of Einstein's equations (W .... are Hamiltonian functions defined in the equations I-(3.5) and I-(3.6); Eqs. I-(4.7) and I-(4.4) have been used for the expression in the basis of null tetrads)
In Appendix A there is the Hamiltonian expression of the Bel-Robinson tensor and of the second-order invariants of the 4-Weyl tensor.
B. The Weyl Scalars
By using the null tetrads I-(4.5) the 10 components of the 4-Weyl tensor 1 can be replaced by the following 5 complex Weyl scalars (see for instance Ref. [3] , pp.189-194)
which will be the sum of terms Ψ 
By using Eqs.(2.2) and (2.3) the expression of the Weyl scalars is (
In the Newman-Penrose formalism [2] the 4-Weyl tensor is replaced by a symmetric spinor
(a) 3ēs
The Weyl scalars in special bases of null tetrads are used for the Petrov classification of gravitational fields [3] (see also Refs. [11] [12] [13] )
2 .
C. The Weyl Invariants
The four eigenvalues of the 4-Weyl tensor are the following four 4-scalars invariant functionals (they do not depend on the choice of the null tetrads and one has I 3 = 6 J 2 when the 4-Weyl tensor is not in an algebraically special case of the Petrov classification) [3, [11] [12] [13] 
where the tensor 4C ABCD has the following expression (see Ref. [3] ; ǫ ABCD is the Levi-Civita tensor) 2 Given the null tetrads I-(4.5) with a given fixed null vector L A , we can define the following family (A > 0, B complex, C real are arbitrary) of sets of null tetrads preserving
Therefore, like for the Weyl scalars we get the following expression for the Weyl eigenvalues (k = 1, 2, 3, 4)
withw h Hamiltonian 4-scalar functions of the tidal and inertial gauge variables of the York basis.
III. THE ELECTRIC AND MAGNETIC COMPONENTS OF THE WEYL TEN-SOR WITH RESPECT TO THE CONGRUENCE OF THE EULERIAN OB-SERVERS
The 10 components of the 4-Weyl tensor may be described by the 5 magnetic and the 5 electric components of the 4-Weyl tensor with respect to a time-like vector field
where the dual has the definition
With every 3+1 splitting of space-time there is the associated congruence of the Eulerian observers with the unit normal
to the 3-spaces as unit 4-velocity.
The world-lines of these observers are the integral curves of the unit normal and in general are not geodesics. In adapted radar 4-coordinates the contro-variant (l A (τ, σ),
) orthonormal tetrads carried by the Eulerian observers are given in Eqs.I-(2.4).
For the congruence of Eulerian observers we have V A = l A and on-shell we get
(a)
One could also find the electric and magnetic components of the 4-Weyl tensor with respect to the skew congruence with unit 4-velocity
(in general it is not surface-forming, i.e. it has a non-vanishing vorticity) associated with each 3+1 splitting of the space-time. The observers of the skew congruence have the worldlines (integral curves of the 4-velocity) defined by σ r = const. for every τ . When there is a perfect fluid with unit time-like 4-velocity U A (τ, σ), there is also the congruence of the time-like flux curves: in general it is not surface-forming and it is independent from the previous two congruences. See Ref. [14] for the description of these two congruences.
IV. THE DIRAC OBSERVABLES OF CANONICAL GRAVITY VERSUS THE WEYL EIGENVALUES AS POSSIBLE 4-SCALAR BERGMANN OBSERVABLES
In Section II of I we reviewed the formulation of canonical ADM tetrad gravity in the York basis I-(28) developed in Refs. [4-7, 15, 16] (see Ref. [17] for canonical ADM metric gravity).
In this formulation the only constraints not contained in the York basis are the superHamiltonian (H(τ, σ) ≈ 0) and the super-momentum (H (a) (τ, σ) ≈ 0) ones. As it is clear from Eqs. (3.41) and (3.44) of Ref. [5] , these constraints are elliptic partial differential equations inside the 3-spaces Σ τ for the unknownsφ(τ, σ) and π (θ) i (τ, σ) (or for the shear components σ (a)(b) | a =b defined after Eq.I-(2.11)) depending on the canonical variables πφ(τ, σ), θ i (τ, σ) (the primary inertial gauge variables), and Rā(τ, σ), Πā(τ, σ) (the tidal variables), but not on the lapse and shift functions 1 + n(τ, σ),n (a) (τ, σ) (the secondary inertial gauge variables, to be determined by the time-constancy of the gauge fixings for the primary ones).
If in a suitable function space one would be able to find a solutioñ
of these elliptic PDE equations, then one could find a Shanmugadhasan canonical transformation to a final canonical basis adapted to all the 14 first class constraints of ADM tetrad gravity 3 (from now on we consider only the case without matter to simplify the discussion) The Dirac Hamiltonian I-(2.14) would be replaced by a new Hamiltonian
in which the weak ADM energyÊ
ADM depends on the final tidal variables and on the final primary inertial gauge variables but not on the secondary ones. The functions F and F i in front of the Abelianized form of the secondary first-class constraints (replacing the lapse and shift functions) must be determined by the following comparison of the Hamilton equations before and after the final canonical transformation (H D is the old Dirac Hamiltonian of Eqs. I-(2.14); see Ref. [5] for the explicit form of the Hamilton equations)
If we give primary gauge fixingsθ
and v(τ, σ) numerical functions, then, due to Eqs.(4.3) and (4.4), the secondary gauge fixings for the determination of the lapse and shift functions are
and F (τ, σ) − ∂ τ v(τ, σ) ≈ 0. These are elliptic PDE inside the 3-space Σ τ . Instead the DO's satisfy hyperbolic PDE requiring Cauchy data on an initial Cauchy surface Σ τo . Therefore the final DO's would also be BO's, since they would be 4-scalars uniquely predictable from the Cauchy data.
Regarding the Weyl eigenvalues, Eqs. (2.7) and (2.9) show that their 4-scalar Hamiltonian expressions in the York basis depends on both the primary and secondary gauge variables. Therefore, most probably their Hamiltonian expression in the final Shanmugadhasan canonical basis will depend on the lapse and shift functions. If this will turn out to be correct, then the Weyl eigenvalues would not be BO's, contrary to the old proposal of Bergmann and Komar [8] .
Instead in Refs. [6, 7] it was shown that the Hamiltonian expression (2.9) of the four Weyl eigenvalues (w k • =w k ) can be used to define a special family of gauges, whose primary gauge fixings have the form of coordinate conditions for the radar 4-coordinates σ A = (τ, σ r )
These equations determine the primary gauge variables and their τ -constancy, ∂ τ χ A (τ, σ) ≈ 0, determines the lapse and shift functions. Eqs.(4.5) imply that the radar 4-coordinates σ A (replacing the usual world 4-coordinates x µ in our approach) labeling the mathematical points of the space-time 4-manifold may acquire a physical meaning in terms of the gravitational field. The abstract mathematical points can be identified as physically individuated point-events. Therefore, the gravitational field, which describes the metric structure of the space-time by definition, can also be used a posteriori to give a physical meaning to the 4-manifold carrying that metric structure due to Einstein's equations. This is not possible for Minkowski and Galileo space-times, which remain as absolutely given mathematical 4-manifolds.
Let us come back to the DO's. In a completely fixed gauge G of the York basis the tidal variables Rā, Πā, would become the non-canonical DO's of that gauge. Then the evaluation of Darboux canonical basis for the Dirac brackets would identify the real canonical DO's R In the next Section these linearized results will be used to give the linearized expression of the Weyl scalars and of the Weyl eigenvalues.
V. THE LINEARIZED WEYL SCALARS IN ARBITRARY GAUGES NEAR THE 3-ORTHOGONAL GAUGES IN ABSENCE OF MATTER
Let us consider the HPM linearization of the 4-Weyl tensor and of the Weyl scalars in absence of matter with the formalism of Refs. [14, 15] reviewed in Appendix B, where it is shown that the same results can be obtained in the family of 3-orthogonal Schwinger time gauges defined in Eq.(B1) and in arbitrary gauges near the 3-orthogonal ones (see Subsections 1 and 2 of Appendix B, respectively). In both cases the inertial gauge variable York time (either gauge fixed or arbitrary) is a first order quantity
By using Eqs. I-(3.5), I-(3.6), I-(3.7), (2.2) and the solution (B5) of the super-momentum constraints we get 4 in absence of matter
By using the solution φ (1) ≈ − ThereforeW τ rτ s (τ, σ u ) andW rsuv (τ, σ u ) have vanishing Poisson bracket among themselves; the same is true forW τ ruv (τ, σ u ) with itself. Instead the Poisson bracket of W τ ruv (τ, σ u ) with eitherW rsuv (τ, σ u ) orW τ rτ s (τ, σ u ) have complicated expressions. 4 As said in paper I the evaluation of the quantities appearing in these equations requires the use of Eqs.
I-(2.11), I-(A1), I-(2.12) and I-(2.13). In place of the shear appearing in these equations, here we use σ (1)(a)(a) = − 
(1)1(I) , 5 We haveǫ
Therefore the linearized Weyl scalars are linear functions of Rā, Πā, 3 K (1) and of their gradients.
B. The Weyl Eigenvalues
For the Weyl eigenvalues of Eq.(2.9) we get
To have quantities of order O(ζ)to be used in Eqs.(4.5) we must consider functions of the Weyl eigenvalues like either
VI. CONCLUSIONS
In these two papers we have found the Hamiltonian expression of the 4-Riemann and 4-Weyl tensors in the framework of the York basis of canonical ADM tetrad gravity described by using radar 4-coordinates adapted to a 3+1 splitting of the asymptotically Minkowskian space-time.
This Hamiltonian description, till now not present in the literature, identifies Hamiltonian radar tensors, which coincide with the 4-Riemann and 4-Weyl tensors on-shell on the solutions of Einstein's equations. Due to the use of radar 4-coordinates each component of these Hamiltonian radar tensors is a 4-scalar of the space-time.
We have also introduced a set of Hamiltonian null tetrads, which allow us to obtain the Hamiltonian expression of the Weyl scalars and of the Weyl eigenvalues. These null tetrads can be used to make a Hamiltonian reformulation of the whole Newman-Penrose formalism.
In this paper we have also discussed the problem of the determination of the DO's of the gravitational field and shown that the use of radar 4-coordinates allows us to define 4-scalar DO's which are also BO's.
We have shown that most probably the Weyl eigenvalues are not BO's and that their use is relevant only for the physical identification of the mathematical points of the space-time 4-manifold as point-events labeled by the gravitational field. Therefore, the gravitational field does not only describe the metric structure of the mathematical space-time, but also gives a physical reality to it, differently from what happens with Minkowski and Galilei space-times which are mathematical 4-manifolds absolutely given.
The main open problem is now the determination of solutions of the super-Hamiltonian and super-momentum constraints. As we have shown this would allow an explicit determination of the DO's of the gravitational field by means of of Shanmugadhasan canonical transformation to a canonical basis adapted to all the first class constraints.
A connected open problem is to try to understand which are the implications of our Hamiltonian description of the gravitational field for the canonical quantization of gravity. Is only the metric structure of the space-time to be quantized or also the space-time 4-manifold has to be replaced with a more complex (quantized? non-commutative?...) structure? The results of paper I and Section II allows us to find the Hamiltonian expression of the Bel-Robinson and of the second order invariants of the 4-Riemann and 4-Weyl tensors. 
The Bianchi identities for the Riemann tensor imply that in vacuum we have As shown in Refs. [19, 20] the 4-Riemann tensor and the 4-Weyl tensor have three (k 1 , k 2 , k 3 ) and two (I 1 , I 2 ) second order 4-scalar invariants respectively. By using Eqs.(2.3) and Einstein's equations I-(2.16) we can get their on-shell Hamiltonian expressions. 1) For the Kretschmann invariant k 1 and for I 1 we have 
3) Finally the Euler invariant is k 3 = [
In Refs. [5, 6] there is the explicit form of the Hamilton equations (with matter included) for all the canonical variables of the York basis in the Schwinger time gauges and their restriction to the 3-orthogonal ones.
In the family of 3-orthogonal gauges the super-Hamiltonian and super-momentum constraints are coupled elliptic PDE for their unknowns, whose expression is given in Ref. [5] . In these gauges the solutionsφ and π Therefore, given the Cauchy data for the tidal variables on an initial 3-space, one can find a solution of of their hyperbolic PDE, which then can be rewritten as a solution of Einstein's equations in radar 4-coordinates adapted to a time-like observer in the chosen gauge.
Therefore, as shown in Ref. [5] , in these gauges only the tidal variables (the gravitational waves after linearization), and therefore only the eigenvalues of the 3-metric with unit determinant inside Σ τ , depend (in a retarded way) on the no-incoming radiation condition.
In these gauges the Hamiltonian variables of the York basis, the 3-geometry of the 3-spaces (3-Christoffel symbols and 3-Riemann tensor) and the 4-Christoffel symbols are given by Eqs. I-(2.10), I-(2.12), I-(A1) and I-(3.2) by putting R (a)(b) (α (e) = 0) = δ (a)(b) and V ra (θ i = 0) = δ ra .
In the family of 3-orthogonal Schwinger time gauges the York canonical basis in absence of matter becomes
F Πā .
(B2)
To it one has to add the constraints n(τ,
(a) (τ, σ u ) are the solutions for the lapse and shift functions implied by the τ -constancy of the gauge fixings. Since there are 10 pairs of second class constraints F and θ i ≈ 0), find again the Dirac brackets and the final physical tidal variables.
The Linearized Theory in Absence of Matter in the 3-Orthogonal Schwinger Time Gauges
As shown in Ref. [6] the HPM linearization in the 3-orthogonal Schwinger time gauges (after the addition of a suitable ultra-violet cutoff on the matter, when present) implies (ζ is the first order quantity defining the weak field approximation) 
For the 3-geometry we get from Eqs. I-(2.12) and I-(A1) (△ = a ∂ Once the lapse and shift functions have been determined, we have the expressions λ n • =∂ τ n (1) and λn (1)(a)
• =∂ τn(1)(a) for the remaining Dirac multipliers.
The Linearization in Arbitrary Gauges near the 3-Orthogonal Gauges
Let us now consider the possibility of studying the HPM linearized theory by relaxing the gauge fixings (B1) with the only restriction to be near the 3-orthogonal gauge where the 3-metric is diagonal. Therefore we require θ i (τ, σ u ) = θ i (1) (τ, σ u ) = O(ζ) = 0, so that we have V ra (θ i (1) ) = δ ra − ǫ rai θ i (1) (see after Eq. I-(2.9)), and we put no restriction on the York time 3 K (1) (τ, σ u ) = 
at the second member. But it is higher order, so that Eqs.(4.8) of Ref. [6] (the super-momentum constraints as equations for σ (1)(a)(b) | a =b ) and (4.9) of Ref. [6] (for the shift functionn (1)(a) )
